Abstract: This paper deals with the control of a transient thermal stress in a composite disk through piezoelectric actuation. The disk consists of a transversely isotropic structural layer and a piezoceramic layer with concentrically arranged electrodes. When the free surface of the structural layer is exposed to a transient heating temperature distribution, two thermoelastic problems of minimising the maximum transient thermal stress in the structural layer and controlling it within the allowable limit are analysed. Voltages applied to the electrodes are determined by solving linear programming problems so that the stress constraints imposed on the piezoceramic layer are satisfied. Finally, obtained numerical results are shown in figures.
Introduction
A considerable attention has been paid to studies on smart structures with piezoelectric sensors and actuators since 1990s. Ashida et al. (1994a Ashida et al. ( , 1994b discussed the applications of the direct and converse piezoelectric effects in piezoelectric plates subjected to a thermal load. Key papers on smart structures mainly operated under isothermal conditions were reviewed by Sunar and Rao (1999) and Irschik (2002) , and those on smart structures in thermal environments were reviewed by Tauchert et al. (1999 Tauchert et al. ( , 2000 , and Tauchert and Ashida (2003) .
As regard to a thermoelastic response, displacement control problems in piezoelectric composite plates (Ashida et al., 2007a) were considered in many studies, while stress control problems were seldom discussed in the literature. Ashida et al. (2007b) published a paper that demonstrated the possibility of controlling a thermal stress in a composite disk consisting of a structural layer and piezoceramic layers when the structural layer surface was exposed to a heating temperature distribution. It was then assumed that a number of electrodes with the same width were concentrically arranged at an equal interval on every piezoceramic layer. The voltages applied to the electrodes were determined by solving a nonlinear optimisation problem so that the maximum thermal stress in the structural layer was minimised. The second paper (Ashida et al., 2008) discussed the optimum design of the electrode arrangement in order to demonstrate the function of stress control to the fullest extent possible, where the electrodes with different widths were arranged at different intervals on every piezoceramic layer. The voltages applied to the electrodes were determined by solving a linear optimisation problem transformed from the nonlinear optimisation problem. In these two studies, it was assumed that all piezoceramic layers had the same electrode arrangement, so the latest study (El Sawaf et al., 2010) treated the optimum design of the electrode arrangement on each piezoceramic layer. These three studies, however, discussed the control of a steady thermal stress. Since a thermoelastic response certainly changes according to variations in thermal environments, a problem of controlling a transient thermal stress is considered to be important for engineering applications.
This study deals with the control of a transient thermal stress in a two-layer composite disk consisting of a transversely isotropic structural layer and a piezoceramic layer of crystal class 6 mm. It is assumed that a number of electrodes are arranged concentrically on the free surface of the piezoceramic layer. When the free surface of the structural layer is exposed to a transient heating temperature distribution, the maximum thermal stress in the structural layer can be controlled through piezoelectric actuation. First, a problem of minimising the maximum thermal stress is analysed. The second problem extends the first study to the case of controlling the maximum thermal stress so as not to exceed the allowable limit. Voltages applied to the electrodes are determined by solving linear programming problems in order to satisfy constraints on the stresses in the piezoceramic layer. Numerical calculations have been carried out for a two-layer composite disk consisting of a CFRP layer and a cadmium selenide layer. The numerical results obtained are presented in graphical forms.
Basic equations
For an axisymmetric problem of thermoelasticity in transversely isotropic solids, the transient temperature change T from the reference temperature can be expressed as
T r z t T z t T r z t
and the two functions are governed by Fourier's heat conduction equations 
Response of transversely isotropic solids
Constitutive equations for the thermoelastic field of transversely isotropic solids without the piezoelectric effect are expressed as 1  1  11  ,  12  13  ,  1  12  ,  11  13  ,  1   1  13  ,  13  33  ,  3  44 , , 
where ij σ is stress, i u is displacement, i j c is elastic stiffness, and i β is stresstemperature coefficient.
The displacements are expressed in terms of six potential functions i φ and
as (Ashida et al., 1993; Ashida and Tauchert, 2002) 
The governing equations of the potential functions are given by
where , i k , i µ and i ξ are known coefficients related to the material constants.
Response of piezoelectric solids
For the thermoelastic field in piezoelectric solids exhibiting the symmetry properties of crystal class 6 mm, constitutive equations are 
whereas constitutive equations for the electric field are p is the pyroelectric constant. The displacements and electric potential are expressed as (Ashida et al., 1994c; Ashida and Tauchert, 2002) ) ,
where C is an unknown coefficient to be determined from boundary conditions, and ,
ξ and i δ are known coefficients related to the material constants.
Presentation of problem and analysis
A two-layer composite disk under consideration consists of a transversely isotropic structural layer and a piezoceramic layer of crystal class 6 mm ( Figure 1 ). It is assumed that a number of electrodes are concentrically arranged on the top surface and the layer interface affords perfect contact between both layers. The electrodes are numbered 1 -M from the centre. In Figure 1 , a is the radius of the composite disk, m w is the width of the mth electrode, m q is the interval between the ( 1) m − th and mth electrodes, and 1 , b 2 , b and 3 b are the thicknesses of the structural layer, piezoceramic layer, and composite disk, respectively. Now, a problem of controlling a transient axial displacement on the bottom surface of the composite disk was analysed and a continuous function representing a voltage distribution applied over the top surface was theoretically derived (Ashida and Tauchert, 2002) .
Thermoelastic problem
It is assumed that the composite disk is initially at the reference temperature:
T hT
where c T is a constant temperature rise, b h and t h are coefficients of relative heat transfer on the bottom and top surfaces, and j λ and j λ are coefficients of thermal conductivity. It is assumed that the cylindrical surface of the composite disk is smoothly constrained against radial deformation, the top and bottom surfaces are stress free, and cylindrical edge of the bottom surface is simply supported. In this case, the mechanical boundary conditions are given by 1 2 1 2 0, 0
where symbols with the superscript T denote quantities induced by a thermal load. It is assumed that the cylindrical and top surfaces of the piezoceramic layer are free of electric charge and the bottom surface of the piezoceramic layer is electrically grounded. In this case, the electric boundary conditions are given by
The temperature changes in the structural and piezoceramic layers can be obtained by solving Fourier's heat conduction equations (2) 
where n α is root of the equation (27) and (28) can be determined from the boundary conditions (15)~(18).
For the thermoelastic field of the structural layer, potential functions that satisfy their governing equations (5) and (6) cos sin F are unknown coefficients to be determined from the boundary conditions. Substituting equations (27), (31), and (32) into equations (4) and (3), the displacements and stresses in the structural layer can be obtained. For example, the radial stress is expressed by 
For the thermo-electro-elastic field of the piezoceramic layer, the potential functions that satisfy their governing equations (11) 
Utilising the boundary conditions given in equations (20)~ (23), (25), and (26), all unknown coefficients ,
T ij E and T ij F can be determined, where equations (19) and (24) are satisfied identically because of equation (29).
Electro-elastic problem
When voltages m V are applied to the electrodes on the top surface of the composite disk (Figure 1) , the electric boundary condition is 
where ( ) H r is Heaviside's unit step function, m r is the inner radius of the mth electrode, and the symbol with the superscript E denotes the quantity induced by an electric load. The boundary conditions given in equations (19)~(25) are still applicable in this situation, but the superscript must be changed from T to E.
In order to analyse this problem efficiently, we consider a case where the unit voltage u V is applied to the mth electrode only. Letting the discrete response quantities in both layers induced by the unit voltage to be ( ) , 
c m e n J r c J r c c r
When a voltage of arbitrary magnitude m V is applied to the mth electrode, it is expressed as
where m P is the magnification factor. In the case where an arbitrary voltage is applied to every electrode, the response quantities are given by Numerical calculations have been carried out for a composite disk consisting of a transversely isotropic CFRP layer and a cadmium selenide layer of crystal class 6 mm (Ashida and Tauchert, 2002) 
where o r is the radius of the heating region and taken to be o 0.5. r = The time history of the heating temperature distribution ( ) ( ) f r g t is illustrated in Figure 2 . Since the thermal response given in Subsection 3.1 has been derived under the assumption of equation (30) 
Minimisation of maximum thermal stress
The optimisation problem, which determines the applied voltages so that the maximum thermal stress in the structural layer is minimised and constraints on the stresses in the piezoceramic layer are satisfied at arbitrary time, is defined by This linear programming problem has been solved using the simplex method. Since magnitudes of the stress components on the boundary surfaces are greater than those within the layers, the stress constraints are evaluated at /100 ( 0, 1, 2, , 100) r i i = = … on both boundary surfaces of each layer, namely there are a total of 404 reference points.
It is considered that the maximum thermal stress in the structural layer can be controlled at any time by suppressing it from the time 1 t t = to 51 t t = intermittently. The optimisation problem (48) must be repeatedly solved 51 times so that the stress constraints are satisfied at all reference points, but one may easily suppose that it will take a long execution time. In order to reduce the execution time, an efficient method has been investigated. (48) in the case of the improved method, but equation (49) was not used in the case of the conventional method. It is found from this figure that utilisation of equation (49) 
Control of maximum thermal stress beyond allowable stress
The stress control may be required only when the maximum thermal stress in the structural layer exceeds the allowable limit. The applied voltages can be determined by solving an optimisation problem similar to equation (48) Since such an optimisation problem without an objective function is difficult to solve, some complementary objective functions have been examined. As a result, the maximum magnification factor max ( Max ) m P P = is selected for the most effective objective function. The optimisation problem of determining the applied voltages, which control the maximum thermal stress in the structural layer so that it becomes less than the allowable stress and the stress constraints imposed on the piezoceramic layer are satisfied at arbitrary time, is defined by 
where 1 A σ is the allowable stress in the structural layer and taken to be 1 0.09 A σ = based on the numerical results shown in Figure 4 . The linear programming problem (50) has been solved using the simplex method and equation (49), where the other conditions are the same as in the foregoing subsection. Figure 6 illustrates the time histories of the applied voltages determined by solving equation (50). Since the maximum thermal stress in the structural layer was less than the allowable stress before Figure 6 , the maximum thermal stress is controlled so as not to exceed the allowable stress.
Figures 8 and 9 illustrate the distributions of the radial and hoop stresses on the layer surfaces before and after applying the determined voltages at 0.1
. t =
It is found from these figures that by applying the voltages shown in Figure 6 , the radial and hoop thermal stresses beyond the allowable stress in the structural layer are suppressed less than it, whereas the maximum tensile and compressive stresses in the piezoceramic layer increase within the stress constraints. Then, the constraint on the tensile hoop stress is active on both surfaces of the piezoceramic layer. 
